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Abstract
Two dimensional conformal field theories, can be described by their pseudo
Goldstone bosons when the conformal symmetry is spontaneously and anomalously
broken. We show that the Schwarzian action of these bosons leads to the Cardy
formula without using modular invariance. As a result, the Cardy formula applies
to conformal field theories on a cylinder and chiral theories in one dimension. This
also explains why the Cardy–Verlinde formula for theories on S1 × Sd−2 can be
written in the form of the Cardy formula of an effective two dimensional theory.
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1. Introduction
It is well–known that the entropy of a state in a 2D conformal field theory(CFT)
is given by the Cardy formula[1]. More precisely, the Cardy formula gives the de-
generacy of a state with a fixed conformal weight when the CFT is on a spatial
circle and at a finite temperature. Since finite temperature corresponds to a com-
pact Euclidean time direction, the CFT is considered to live on a Euclidean torus
which is invariant under modular transformations. The modular symmetry of the
CFT is used to obtain the partition function at high temperatures (which is hard
to compute) directly from the simple one at zero temperature. The CFT entropy
can be easily computed from this partition function and is given by the Cardy
formula.
Recently it was realized that CFTs may be described by pseudo Goldstone
bosons(PGBs) when the conformal symmetry is anomalously and spontaneously
broken[2]. CFTs with nonvanishing central charges are anomalous. In addition, a
state with nonvanishing conformal weight can be considered to be at finite tem-
perature. This is due to the fact that a state with nonzero conformal weight has
a large degeneracy and the CFT state is actually an ensemble of states. Follow-
ing ref. [2], we consider a nonzero CFT temperature as a source of spontaneous
breaking of the conformal symmetry.
As a result, we expect such a CFT to be described by the PGBs of conformal
symmetry broken down to SL(2)R × SL(2, R)L where SL(2, R) is the unbroken
global conformal symmetry group (for each light–cone direction, u and v). The
PGBs realize the conformal symmetry nonlinearly and are parametrized simply by
the chiral conformal transformations, i.e. ξ(u), η(v). Their physics is described by
(two copies of) the Schwarzian action which is SL(2, R)R×SL(2, R)L symmetric[2].
In this paper, we show that the Cardy formula can be derived from the Schwarzian
action without resorting to the modular symmetry of the CFT. This means that
the finite temperature CFT does not have to live on a torus. Therefore, the Cardy
formula applies to CFTs on a cylinder. Moreover, it also applies to CFTs in one
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compact dimension such as chiral CFTs and those on (compact) Euclidean time.
These CFTs play an important role in the description of different black holes[3-8].
These results also help to solve a puzzle related to the Cardy–Verlinde formula
that gives the entropy of a CFT on S1×Sd−2 whih is the boundary of AdSd[9]. It
is known that this formula can be expressed as the Cardy formula for an effective
CFT even though the higher dimensional CFT cannot be reduced to 2D. However,
it can be reduced to 1D (by reducing on Sd−2) and our results indicate that the
Cardy formula applies to the effective 1D CFT in the Euclidean time direction.
This paper is organized as follows. In the next section, we review the usual
derivation of the Cardy formula. In section 3, we derive the Cardy formula from the
physics of the PGBs. In section 4, we explain, using our results, why the Cardy–
Verlinde formula for higher dimensional CFTs can be written as the Cardy formula
for 2D CFTs. Section 5 contains a discussion of our result and our conclusions.
2. The Cardy Formula for 2D CFTs
In this section, we review the derivation of the Cardy formula[1] for the entropy
of a (Euclidean) 2D CFT state. Consider a CFT with left and right central charges
cL, cR on a (Euclidean) torus defined by the identifications
(tE , x) ∼ (tE + β, x+ θ) ∼ (tE , x+ 2pi) . (1)
Here β = 1/T and 2pi are the periodicities of the Euclidean time and space
directions respectively and θ is the twist. In terms of the complex coordinate
z = (itE + x)/2pi the identifications in eq. (1) become z ∼ z + 1 and z ∼ z + τ
where we defined the modular parameter of the torus τ = (iβ + θ)/2pi.
A CFT state is defined by its left and right conformal weights L0, L¯0. It is well–
known that if the CFT is on a circle, due to the Casimir effect, the energy of the
states or the conformal weights are shifted to L′0 = L0−cR/24 and L¯
′
0 = L¯0−cL/24.
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The partition function of this CFT is
Z = Tre2piiτL
′
0−2piiτ¯ L¯
′
0 = Tre−βH+iθJ , (2)
in terms of the Hamiltonian H = L′0 + L¯
′
0 and spin J = L
′
0 − L¯
′
0. In the following
we set θ = 0 for simplicity. The derivation of the Cardy formula below can be
easily generalized to θ 6= 0.
We now concentrate on the right moving sector of the CFT since the treatment
of the left moving sector is identical. The partition function for the right movers
can be written as
Z = Tre−βL
′
0 . (3)
At low temperatures, T → 0, only the vacuum state with L′0 = −c/24 survives in
the trace over states and thus
Z = eβc/24 . (4)
In order to obtain the partition function at high temperatures, we use the modular
symmetry of a CFT on a torus. The torus on which the CFTs lives (see eq. (1))
is invariant under the SL(2, Z) transformations of the modular parameter defined
by (with integer a, b, c, d)
τ →
aτ + b
cτ + d
ad− bc = 1 . (5)
Therefore, the CFT partition function in eq. (2) is also modular invariant.
It is hard to calculate the high temperature partition function with β → 0
directly from eq. (3) due to large number of states that contribute to it. However,
this can be easily done by using the modular symmetry of the CFT. In our case,
θ = 0 and thus one of the generators of the transformation in eq. (5), S : τ → −1/τ
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becomes β → 4pi2/β which is a high/low temperature duality. Then, using eq. (4),
we find that
Z(β) = Z(4pi2/β) = epi
2c/6β . (6)
We can easily obtain the energy and entropy from this partition function
E = −∂β logZ =
pi2c
6β2
, (7)
and
S = (1− β∂β)logZ =
pi2c
3β
. (8)
Alternatively, we can write the partition function as (where E = L′0)
Z(β) =
∫
dEρ(E)e−βE , (9)
where ρ(E) = eS(E) is the density of states. A Laplace transform gives
ρ(E) =
∫
dβeβEZ(β) . (10)
Using eq. (6) and the saddle point approximation we get
T =
1
2pi
√
24L′0
c
, (11)
and
S(E) = logρ(E) = 2pi
√
c
6
(
L0 −
c
24
)
, (12)
where we used E = L′0 = L0 − c/24.
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The above derivation was only for the right moving sector. Taking into account
the identical contribution of the left moving sector we get from eqs. (8) and (12)
the two forms of the Cardy formula for the total entropy
S =
pi2cR
3βR
+
pi2cL
3βL
, (13)
or
S = 2pi
√
cR
6
(
L0 −
cR
24
)
+ 2pi
√
cL
6
(
L¯0 −
cL
24
)
. (14)
These two Cardy formulas are valid for high temperatures β << 1 or as can be
seen from eq. (11) for L0 >> c. Eq. (13) describes the entropy of a 2D gas (in the
canonical ensemble) whereas eq. (14) describes the different number of ways a state
with L0, L¯0 can be built from raising operators (in the microcanonical ensemble).
3. The Cardy Formula from the Pseudo Goldstone Bosons of CFT
The derivation of the Cardy fomula above was based on the high energy par-
tition function which was obtained using modular symmetry of the CFT. In this
section, we obtain the same partition function from the physics of the pseudo Gold-
stone bosons of conformal symmetry described by their Schwarzian action. As in
the previous section, we consider only the right moving part since the treatment
of the left moving part is identical.
Any CFT state with L0 6= 0 can be essentially considered as an ensemble of
states at a finite temperature (given by eq. (11)) which we consider to be the
spontaneous breaking of conformal symmetry. In addition, as noted above, if the
central charge does not vanish, the CFT is anomalous. The anomaly shows up in
the commutators of the Virasoro generators
[Ln, Lm] = (n−m)Ln+m +
c
12
n(n2 − 1)δn+m,0 , (15)
where the second term proportional to the central charge is the anomaly. From eq.
(15) we see that there is no anomaly for L0, L±1. Thus, the full conformal symme-
try is anomalously broken down to the global conformal symmetry or SL(2, R). As
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a result of the spontaneous and anomalous breaking of the conformal symmetry,
at low energies, physics can be described by the PGBs. Since the global conformal
symmetry remains unbroken, we expect the PGB Lagrangian to be SL(2, R) in-
variant. Moreover, we expect the kinetic and interaction terms for the PGBs to be
proportional to the spontaneous and anomalous symmetry breaking parameters T
and c respectively.
In ref. [2], it was shown that the PGBs of conformal symmetry can be described
exactly by the reparametrizations which realize the conformal transformations non-
linearly, i.e. tE − x = u → ξ(u). Note that u is periodic, u ∼ u + β. The spatial
direction x may or may not be compact as in eq. (1) as long as β << 2pi, i.e.
the CFT is at a high temperature. Then, the energy–momentum tensor for ξ(u) is
given by
T (ξ) = L′0ξ
′2 +
c
12
Sch(ξ, u) , (16)
where the Schwarzian derivative is
Sch(ξ, u) =
(
ξ′′
ξ′
)′
−
1
2
ξ′′2
ξ′2
, (17)
and prime denotes a derivative with respect to u. We see that, as expected, the
kinetic terms is proportional to L′0 ∼ T
2 and the Schwarzian interaction term
appears with the central charge c in the action.
Eq. (16) for the energy leads to the action[7,8]
Iξ = −
β∫
0
du
(
L′0ξ
′2 +
c
12
Sch(ξ, u)
)
, (18)
with the equation of motion
2L′0ξ
′′ +
c
12
(Sch(ξ, u))′
ξ′
= 0 . (19)
The solution is ξ(u) = αu (up to an irrelevant additive constant) where α is a
constant. Note that the action in eq. (18) is not SL(2, R) symmetric due to
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the kinetic term. However, it is easy to see that, any rescaling of a solution to
the equation of motion is also a solution. We can use this rescaling freedom to
normalize the kinetic term so that the action now becomes
Iξ = −
c
12
β∫
0
du
(
1
2
ξ′2 + Sch(ξ, u)
)
. (20)
This action is still not SL(2, R) symmetric but can be put in a symmetric form in
terms of new PGB fields defined by φ = tan(ξ/2) with the action[8]
Iφ = −
c
12
β∫
0
duSch(φ, u) . (21)
This action is SL(2, R) symmetric. Thus, it is really the φ, rather than ξ, that are
the true PGBs of the CFT. φ parametrizes the space V irasoro/SL(2, R), i.e. the
Virasoro group modulo the Mobius group. The equation of motion obtained from
the action in eq. (20) is the same as that in eq. (19) where L′0 is replaced by c/24.
The solutions to both equations are the same, i.e. ξ(u) = αu.
In order to determine the constant α we demand that the energy of the PGB
solution match the conformal weight L′0 (or the energy of the CFT in eq. (7))
Eξ =
c
12
(
1
2
ξ′2 + Sch(ξ, u)
)
= L′0 . (22)
We find that α =
√
24L′0/c = 2piT = 2pi/β. Substituting the solution ξ(u) =
(2pi/β)u into eq. (20) we find
−Iξ = logZ(β) =
pi2c
6β
, (23)
which agrees with eq. (6). This is our main result: the high temperature CFT
partition function can be obtained from the Schwarzian action for the PGBs. The
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left moving sector of the CFT gives an identical partition function and the deriva-
tion of the two versions of the Cardy formula in eqs. (13) and (14) is identical to
the one at the end of section 2. Thus, the 2D gas with the entropy given by eq.
(13) is actually a gas of PGBs. The gas is strongly interacting as can be seen from
the Schwarzian action. Nevertheless, it acts like a free gas with a fixed number of
degrees of freedom given by the central charge.
Note that we derived the Cardy formula from the Schwarzian action without
using modular invariance which means that the CFT does not have to live on a
torus. Thus, the Cardy formula also applies to CFTs that live on a cylinder or
only in one compact dimension such as chiral CFTs and those on Euclidean time.
Even though the CFT is one dimensional, the entropy in eq. (13) has the form of
that of a 2D gas. The 1D CFT somehow has the memory of its 2D origin.
Above, we rescaled ξ in order to match the coefficients of the kinetic and
Schwarzian terms in the action. If we did not rescale the PGBs ξ as in eq. (20),
the energy condition in eq. (22) would give α = 1 leading to the partition function
logZ = L′0β. Using eq. (8) this seems to imply a vanishing entropy. However,
using eq. (11) for β we obtain the correct partition function in eq. (23). In fact,
we could use any rescaling of the PGBs and obtain the correct partition function
as long as we satisfy the energy condition in eq. (22).
Any one dimensional conformal theory is effectively described by the Schwarzian
action since this is the simplest action invariant under the unbroken symmetry, i.e.
SL(2, R). The conformal symmetry does not have to be fundamental as it is in
CFTs. For example, it may arise in the low energy limit as in the SYK model[10] or
it may be a geometrical symmetry as for the near AdS2 space–times[8]. Our results
imply that the coefficient of the Schwarzian derivative in the action should be set
equal to −c/12 in addition to the identification in eq. (22). For the Schwarzian
action describing near AdS2 spaces this coefficient is −φb/8piG2 where φb is the
boundary value of the dilaton[8]. On the other hand, for AdS2 the central charge
of the asymptotic (chiral) conformal symmetry is c/12 = 1/8piG2. We see that for
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φb = 1 the coefficient of the Schwarzian action is exactly −c/12 as required. For
the SYK model, the coefficient is (up to numerical factors of O(1)) ∼ N/J where
N is the number of Majorana fermions and J is the interaction strength[10]. Thus,
in this case we have c/12 ∼ N/J . For N ≥ 4 as in the SYK model, we find that
the central charge is inversely proportional to J .
4. The Cardy-Verlinde Formula as the Cardy Formula
The Cardy formula for the entropy of a 2D CFT can be generalized to a CFT
living on S1 × Sd−2 by using the AdS–CFT correspondence[11]. In this section,
we argue that this Cardy–Verlinde formula[9] can be understood as the entropy
arising from the Schwarzian action given by eq. (20).
Starting from the metric of a black hole in AdSd one can derive the Cardy–
Verlinde formula for the entropy in the dual finite temperature CFT that lives on
the boundary Sd−2[9]
SCFT =
4pi
(d− 2)
R
√
EEEC , (24)
where the extensive and Casimir energies, EE and EC respectively, add up to the
total CFT energy as
ECFT = EE + EC =
c(d− 2)
48pi
V
Ld−1
(
1 +
L2
R2
)
, (25)
where V = Ad−2R
d−2 is the volume of the boundary sphere (which has been
rescaled to match the AdS black hole area) with Ad−2 the unit volume in d − 2
dimensions, In eq. (25), R and L are the black hole and AdS radii respectively and
c = 3Ld−1/Gd.
Eq. (24) for the entropy can be written in a more suggestive form by defining
a central charge, C, for an effective CFT and a conformal weight L′0 for a CFT
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state
C
24
=
REC
(d− 2)
L′0 =
REE
(d− 2)
, (26)
where L′0 = L0 − C/24 and L0 = ECFT . Eq. (24) can now be written as
SCFT = 2pi
√
C
6
(
L0 −
C
24
)
, (27)
which is precisely the Cardy formula for a 2D CFT.
It has been difficult to understand this form of the CFT entropy since the
boundary CFT lives on S1 × Sd−2 and not in 2D. It does not appear possible to
reduce this CFT to 2D either. However, we can reduce the higher dimensional CFT
on Sd−2 and obtain a CFT that lives in the the periodic Euclidean time direction.
In section 2, we saw that such a CFT is described by PGBs with the Schwazian
action. The entropy arising from this action is exactly the Cardy formula. The
effective CFT is simply the chiral CFT obtained by reducing on Sd−2. Thus, the
appearance of an effective 2D Cardy formula for higher dimensional CFTs is due
to the fact that the Cardy formula works for CFTs on compact Euclidean time.
The simplest example of the above result, which is also best understood case,
is the relation between the 2D nonchiral CFT that lives on the boundary of AdS3
and the chiral 1D CFT that lives on the boundary of AdS2[12,13,14,15]. The BTZ
black hole can be described by a nonchiral CFT that lives on the 2D boundary
of AdS3. In this case, the Cardy–Verlinde formula reduces to the Cardy formula
with C = 3L2/G3 = c and L
′
0 = RMBH . The boundary CFT can be compactified
on the boundary S1 giving rise to a 1D CFT that lives on the boundary of AdS2
which is the compact Euclidean time. The BTZ black hole becomes an AdS2 black
hole with the same entropy. As we saw in section 2, this theory is described by the
Schwarzian action and leads to the Cardy formula. This case is somewhat trivial
since the“higher dimensional” CFT is two–dimensional and it is not surprising that
the Cardy formula works. However, the appearance of the chiral 1D CFT with the
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same entropy is a nontrivial check on the ideas in the previous paragraph. The
BTZ black hole (or AdS3 case) is the simplest example but it seems that the same
argument applies to CFTs in higher dimensions. It would be nice to show this
result explicitly even though we do not understand the CFTs well enough except
for the D = 3, 4 cases.
5. Conclusions and Discussion
In this paper, we showed that the thermodynamics of 2D CFTs (with an
anomaly and at a finite temperature) can be described by their PGBs with a
Schwarzian action. This can be seen as further supporting evidence for the de-
scription of CFTs in terms of their PGBs. The CFT entropy given by eq. (13)
is that of a 2D gas of PGBs. The derivation of the Cardy formula using the
Schwarzian action does not require the modular invariance of the CFT on a torus.
Therefore, the Cardy formula applies to CFTs on a cylinder. In this case, all our
formulas remain the same with the replacement of L′0 by L0 since there is no shift
in the conformal weights due to the Casimir effect.
In addition, since modular invariance is not necessary, the Cardy formula also
applies to CFTs that are defined in one (compact) dimension, e.g. chiral CFTs on
a circle or those in a compact Euclidean time direction. These types of CFTs play
an important role in the description of different black holes. For example, extremal
Kerr[3] and generic nonextremal black holes[4-6], including the Schwarzschild black
hole, can be described by chiral CFTs and CFTs on Euclidean time respectively.
Near extremal Reissnner–Nordstrom black holes are described by the Schwarzian
action[7,8] which, as we saw above, is a low energy description of chiral CFTs. The
entropies of all these black holes are reproduced by the Cardy formula even though
they strictly live in one dimension.
We also showed that the description of CFTs in one compact dimension in
terms of the PGBs resolves a puzzle related to the Cardy–Verlinde formula for
CFTs on S1 × Sd−2 which are dual to AdSd black holes. The Cardy–Verlinde
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formula can be written as the Cardy formula for an effective CFT even though
S1×Sd−2 cannot be reduced to two dimensions. However, we can reduce the theory
on Sd−2 and obtain a 1D CFT living on the compact Euclidean time direction
(remaining on the boundary). As we saw above, this is described by the Schwarzian
action for the PGBs and with an entropy given by the 2D Cardy formula.
We used the Schwarzian action for the PGBs to describe the thermodynamics of
CFTs. It is puzzling that we obtained the high temperature partition function from
the Schwarzian action for the PGBs that describes the CFT at low energies. PGBs
should describe the physics around L′0 ∼ 0 and not in the thermodynamic limit for
which L0 >> c. Our results indicate that perhaps we should consider, rather than
the whole CFT, each level of the CFT with L′0 6= 0 as a separate theory. In that
case, each level behaves like a different theory in which the conformal invariance
is spontaneously and anomolously broken. PGBs then describe the large number
of states at or slightly above a given L′0 which is the vacuum of the level.
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